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Abstract

Large eddy simulation (LES) has been applied to turbulent thermal fields in a channel having one wavy wall for Prandtl num-

ber = 0.7. Wall wave amplitude is changed in three steps. Increasing the wall wave amplitude, a flow separation bubble comes to

appear and a separated turbulent shear layer develops above the separation bubble. Additionally, in the up-slope region of the bot-

tom wavy wall, near-wall streamwise vortices are generated with larger population. These two turbulence features, i.e., the separated

shear layer and the near-wall streamwise vortex, play an important role for the heat and momentum transfer near the wavy wall. So,

the characteristics of the separated shear layer and the near-wall streamwise vortices are discussed in relation to the turbulent heat

transfer. For this purpose, vortical flow structures aligned toward the streamwise direction and turbulent thermal fields around the

vortices were captured and the statistical quantities relating to the turbulent thermal fields were scrutinized. Especially, attention is

paid to the effect of the near-wall streamwise vortices on the turbulent heat transfer and the conditionally averaged patterns of tur-

bulent thermal fields around the streamwise vortices were established. The results obtained indicate that the near-wall streamwise

vortices produce the strong events of QT4 and QT6. Here, QT4 and QT6 are cold sweep-like motion and hot ejection-like motion,

respectively. Especially, QT4 event makes the gradient of fluid temperature near the wall steeper in the up-slope region and conse-

quently enhances the heat transfer at the bottom wavy wall. Furthermore, with increasing the wall wave amplitude, the near-wall

streamwise vortices were strengthened and as a result the wavy wall heat transfer is more noticeably enhanced. In practical view

point, if pumping power is kept the same, better heat transfer performance can be achieved with increasing wall wave amplitude.

� 2005 Elsevier Inc. All rights reserved.
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1. Introduction

In various heat transfer devices, enhancement of wall
heat transfer is a key requirement to make the devices

compact or effective. One of the typical techniques for

heat transfer enhancement in such devices is to intro-

duce wall undulation for heat transfer surfaces. Present

study is an extension of the previous works (Choi et al.,

2004; Park et al., 2004) on the turbulent flows and
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related heat transfer in a channel having one wavy wall

for Pr = 0.7. This study aims at analyzing the character-

istics of the flows and related heat transfer applying the
large eddy simulation (LES). The present article partic-

ularly discusses how the near-wall streamwise vortices

appearing densely in the up-slope part of the wall and

repeating birth and disappearance after a certain length

of life affect the wall heat transfer. Discussions on statis-

tical characteristics of the turbulent flow are found in

the reference (Choi, 2004).

Flows along wavy walls are also of importance both
from scientific and practical view points in relation to

environmental and engineering problems. They display
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Nomenclature

a wave amplitude

Cf time mean local skin friction coefficient
Cp specific heat at constant pressure

Dh hydraulic diameter

d�VN spanwise distance between a vortex centerline

and NuDh peak position line
F1 time and spatial mean pressure gradient driv-

ing the flow in a channel

f friction factor, f ¼ 4ðoP=oxÞH=ðqU 2
bÞ

H channel height
ĥj subgrid-scale heat flux

kf fluid conductivity

L channel length

l�vortex the streamwise length of a vortex centerline

l�NuDh the streamwise length of a NuDh peak position
line

NuDh Nusselt number, NuDh ¼ hDh=kf ¼ q00wDh=kf
ðHw � HbÞ

Nu time mean local Nusselt number

Nu time and space mean Nusselt number

Nutrough time and space mean Nusselt number only

for trough region of the bottom wavy surface

P mean pressure

Ppw pumping power, Ppw = f
1/3Reb

Pr Prandtl number

p̂ filtered pressure
QT4 the fourth octant of Reynolds transverse heat

flux in u–v–h space
QT6 the sixth octant of Reynolds transverse heat

flux in u–v–h space
QV4 the fourth octant of Reynolds shear stress in

u–v–h space
QV6 the sixth octant of Reynolds shear stress in u–

v–h space
q00w wall heat flux

Reb Reynolds number, Reb = (Ub ÆH)/m
ReC vortex circulation Reynolds number, ReC =

C/m
t time

Ub bulk mean velocity

Ui mean velocity

ui velocity fluctuation
~ui instantaneous velocity

u0i rms velocity fluctuation

ûi filtered velocity

us friction velocity at the bottom wavy wall

uiuj Reynolds stress

W channel width

yw transverse location of bottom wavy wall sur-

face
zc spanwise location of a sampled centerline of a

vortex

Greek symbols

a thermal diffusivity

C circulation

k wavelength

K2 the second largest eigenvalue of SikSkj +
XikXkj

m kinematic molecular viscosity

q fluid density

H mean temperature

Hb bulk mean temperature

Hw wall temperature

h temperature fluctuation

h 0 rms temperature fluctuation
ĥ filtered temperature
~h instantaneous temperature

hVN angle between a vortex centerline and NuDh
peak position line

hs friction temperature, hs ¼ q00w=ðqCpusÞ
ŝij subgrid-scale stress tensor

h~xsðo~us=osÞic vortex stretching term

Symbols

h ic conditional averaging process along a vortex

centerline or NuDh peak position line
h ics conditional averaging process for (y,z) cross-

sectional plane at a streamwise position
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peculiar characteristics that are not observed in the

flows over a flat plate surface. In the case of wavy wall

channel flows, the periodic changes of pressure gradient

and of streamline curvature generate turbulence struc-

ture different from the counterpart of flat plate channel

flows. Furthermore, if the wall wave amplitude and Rey-

nolds number are increased, a flow separation bubble

appears near the trough region of the wavy wall and a
separated shear layer formed slightly above the separa-

tion bubble raises the turbulence intensity. Another

important aspect of the flows over a wavy wall is near-
wall vortical fluid motions appearing near the up-slope

region which are aligned with the streamwise direction

(De Angelis et al., 1997; Choi et al., 2004; Henn and

Sykes, 1999). These flow characteristics should influence

the transport pattern of the passive scalar as well as of

the momentum in such flows.

The role of an organized vortex on heat transfer has

been widely studied by many researchers (Eibeck and
Eaton, 1987; Inaoka and Suzuki, 1995; Suzuki, 1996;

Suzuki et al., 1998; Suzuki and Nakabe, 2002; Vold,

1999; Wroblewski and Eibeck, 1991). Especially, for
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the longitudinal vortex embedded in a turbulent bound-

ary layer, thinning of the thermal boundary layer occurs

at the down-wash side positions of the vortex and

enhances the wall heat transfer (Eibeck and Eaton,

1987; Inaoka and Suzuki, 1995; Wroblewski and Eibeck,

1991). Kasagi and Ohtsubo (1995) carried out the direct
numerical simulation for the turbulent thermal field in a

flat plate channel flow, and they showed the deep rela-

tionship between streamwise vortices and near-wall tur-

bulent heat transfer. For wavy wall channel flows, some

numerical studies (Matsubara et al., 2002; Park et al.,

2004) have been carried out in order to clarify the effect

of the wall undulation on the characteristics of the tur-

bulent heat transfer, but close attention has not yet been
given to the role of the near-wall streamwise vortices on

the heat transfer. As is demonstrated in the reference

(Choi et al., 2004), the near-wall streamwise vortices

appearing in the up-slope region should affect the heat

transfer in the wavy wall channel flows. So, the present

LES study aims at giving insight to the effect of the near-

wall streamwise vortices on the turbulent heat transfer

in a wavy wall channel flow.
2. Mathematical formulation

The filtered forms of the continuity equation and the

momentum equations for incompressible fluid are ex-

pressed as follows:

oûi
oxi

¼ 0; ð1Þ

oûi
ot

þ ûj
oûi
oxj

¼ m
o2ûi
oxjoxj

� oŝij
oxj

� 1
q
op̂
oxi

þ F 1d1i; ð2Þ

where ûi, p̂ and ŝij are filtered velocity, filtered pressure
and subgrid-scale stress tensor, respectively. The sub-
grid-scale stress tensor is defined as ŝij 
 duiuj � ûiûj
and F1 is the time and spatial mean pressure gradient

driving the flow in the channel to be studied. The filtered

form of the energy equation used in the present study is

expressed as follows:

oĥ
ot

þ ûj
oĥ
oxj

¼ o

oxj

m
Pr

oĥ
oxj

� ĥj

" #
; ð3Þ

where ĥ is filtered temperature and ĥj is the subgrid-scale
heat flux defined as ĥj 
 cujh � ûjĥ. The Prandtl number
is set as Pr = 0.7. In Eqs. (2) and (3), ŝij and ĥj must be
modelled.

The subgrid-scale eddy viscosity model firstly intro-

duced by Smagorinsky (1963) has been popularly used

for ŝij and ĥj but, one major drawback of this model is
its inability to correctly represent various turbulent flow

fields with a single model constant. To eliminate this

deficiency, the dynamic subgrid-scale model was sug-
gested by Germano et al. (1991). This dynamic sub-

grid-scale model was modified by Lilly (1992) by

making use of the least square technique to minimize

the difference between the closure assumption and the

resolved stresses. The present LES study adopts the

dynamic subgrid-scale model of Lilly (1992) for both
ŝij and ĥj.
3. Numerical methods

3.1. Numerical procedure

To numerically solve the finite-difference equivalents
of Eqs. (1) and (2), semi-implicit fractional step method

is used. So, the time integration of the discretized gov-

erning equations are carried out based on the hybrid

scheme using an Adams–Bashforth method for explicitly

treated terms and a Crank–Nicolson method for implic-

itly treated terms. The explicitly treated terms are the

convection terms, the diffusion terms with cross-deriva-

tives and the source terms, and the implicitly treated
ones are the diffusion terms without cross-derivatives.

As for the spatial discretization of Eq. (2), the sixth-

order COMPACT scheme (Lele, 1992) for the convec-

tive terms, and the fourth-order central differencing for

the diffusion terms and other remaining terms are

applied. In the present study, non-staggered grid system

is adopted, so the momentum interpolation technique

(Park, 1999) is employed to avoid the pressure–velocity
decoupling. For the filtered energy equation, the respec-

tive terms are treated in the same way as the correspond-

ing terms of the momentum equations except for the

convection terms. For the convection terms of Eq. (3),

HLPA scheme (Zhu, 1992) is used. Details of this hybrid

scheme can be found in You et al. (2000).

3.2. Computational condition

Fig. 1 shows the computational domain together with

the coordinate system and the geometrical parameters

adopted in the present study. L, W, and H represent

the streamwise, spanwise and transverse or wall-normal

length of the computational domain. The bottom wall of

the channel has the sinusoidal undulation having ampli-

tude a and wavelength k, and its mean position is
located at y = 0. The bottom wall position is therefore

given by yw = acos(2px/k) and the top wall is flat and
located at y = H. Computation has been made for the

three cases of different amplitude to wavelength ratio

of wall undulation a/k = 0.01, 0.05, and 0.1 keeping
the flow Reynolds number constant, i.e., Reb =

(Ub ÆH)/m = 6760. The values of other geometrical

parameters and information about the grid allocation
are given in Table 1. Here wall unit is calculated with

the friction velocity based on the mean wall shear stress
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Fig. 1. Computational domain.

Table 1

Calculation conditions

Case Reb L/k (L/H) W/k (W/H) Grid no. a/k Dyþmin Dyþmax Dx+ Dz+

Flat 1 4580 p p/H 34 · 66 · 34 0.0 1.5 10.6 37.7 18.8

Flat 2 6760 p p/H 34 · 66 · 34 0.0 1.5 10.6 37.7 18.8

W001 6760 3 2 74 · 66 · 66 0.01 1.6 11.4 16.9 12.7

W005 6760 3 2 74 · 66 · 66 0.05 1.4 10.4 14.9 11.2

W01 6760 3 2 74 · 66 · 66 0.1 0.9 7.3 9.9 7.5

Flat 1: isoflux wall boundary condition corresponding to Kasagi et al. (1992); Flat 2: isothermal wall boundary condition.
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averaged over the whole wavy wall surface. The results

of Choi et al. (2004) are used as the initial condition

for the fully developed turbulent flow fields of the wavy

wall channel to calculate the thermal fields. For the

boundary conditions, a no-slip condition is used at both

the top and bottom walls and a spatially periodic

boundary condition is applied to the spanwise and

streamwise directions. For the thermal wall boundary
conditions, a constant temperature condition is applied.

So, the flat wall is maintained at a constant temperature

HC, while the wavy wall is heated at an another constant

temperature HH.

3.3. Validation of the present LES

Validation of the present LES has been performed for
the turbulent flow fields in a wavy wall channel in the

previous work (Choi et al., 2004). For the purpose to

further validate the present LES for the calculation of

turbulent thermal fields, turbulent heat transfer in a flat

plate channel flow is treated. Fig. 2 shows the compari-

son of the predicted H/hs, h 0/hs, uh=ðushsÞ, and �vh=
ðushsÞ with the DNS results of Kasagi et al. (1992). Here,
H, h 0, hs, uh and vh are the mean temperature, root mean
square (hereinafter abbreviated as rms) value of temper-

ature fluctuation, friction temperature, streamwise tur-

bulent heat flux and transverse turbulent heat flux,

respectively. In this computation, the Reynolds number
is Reb = (Ub ÆH)/m = 4580 and the grid number is 34 ·
66 · 34. The values of other geometrical parameters
and information about the grid allocation for this com-

putation are given in Table 1. All the plotted results

show that the present LES results agree well with the

DNS data of Kasagi et al. (1992). Combining this com-

parison with another comparison made in the previous

study, the present LES is judged to give reasonable re-
sults for the turbulent flows and related heat transfer

in a wavy wall channel.

3.4. Processing of numerical results

3.4.1. Identification of vortex core and conditionally

sampled related quantities

In order to capture the streamwise vortices appearing
near the wavy wall, the method of Jeong and Hussain

(1995) and Jeong et al. (1997) is applied in the present

study. At every grid point and at every time step, calcu-

lation was made for finding a quantity K2, the second
largest one among the three eigenvalues of �ð1=qÞ
ðo2~p=oxioxjÞ or specifically of its equivalent SikSkj +
XikXkj, where Xik and Xkj are the vorticity tensor and
Sik and Skj the strain rate tensor. At each instant, atten-
tion was paid to the value of K2 calculated at the grid
points of the near-wall region, 0 6 (y � yw)/H 6 0.2 in

the following manner. Among the positions where K2
takes negative value in that region, the ones where K2
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takes local minimum value were scrutinized. All the

detected positions of the local minimum of K2 values
were identified as the central positions of locally existing

vortices. Finally, centerlines of the vortices were con-

structed as the lines connecting one center position in

one cross-section to another in neighboring cross-sec-

tion if they are aligned with the streamwise direction

within the maximum tilting and inclined angles of 40�.
This method assumes firstly that a local pressure mini-

mum corresponds to a vortex center, secondly that neg-

ative K2 represents the concavity of the pressure

distribution around the vortex major axis and lastly that

the local pressure minimum position is approximately

represented by the local minimum position of K2. In
the statistical study of the numerical results to follow,

attention has been paid to the vortices having the center-
line length l�vortex ¼ lvortex=k P 1=8. Fig. 3 shows a sche-
matic of a vortex lying near the wall and its projection

onto the wavy wall.
Fig. 3. Schematic diagram for a vortex core, vor
As will be discussed later, instantaneous local Nusselt

number, NuDh , is distributed non-uniformly on the

wavy wall. In fact, a number of spindle-shape high

Nusselt number regions appear and keep their iden-

tity for a certain period of time before their disap-

pearance. Their locations are represented by a line

connecting the NuDh peak positions inside the high

NuDh region as also illustrated in Fig. 3. Close attention
is paid to the lines having the streamwise length larger

than a threshold value, i.e., l�NuDh ¼ lNuDh =k P 1=8 again
and aligned with the centerlines of the detected stream-

wise vortices, or more specifically, with the positions of

the vortex centerlines projected onto the wavy wall

surface.

Typical patterns of velocity and thermal fields around

the vortex have been established in cross-sections adja-
cent to the bottom wavy wall having the size of height

0.17H from the wall and width 0.34H by making use

of the following conditional average.
tex centerline and NuDh peak position line.
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hqðx�; tÞics ¼ hqðx�; y�; z�; tÞics

¼ 1

N

XN
i¼1

qðx=k; ðy � ywÞ=H ; ðz� zcÞ=k; tÞ;

ð4Þ

where h ics indicates the conditional averaging in a
cross-section, q represents a flow or thermal quantity

to be studied, zc is the spanwise position of a sampled

centerline of a vortex and N is the total number of the

sampled vortices. The present conditional average will

be used in the discussion on how the generation of
near-wall streamwise vortices is related to the character-

istics of wall heat transfer especially in the up-slope

region. So, in the following, discussions will be develo-

ped for the statistical cross-sectional patterns of velocity

and temperature fields obtained at a position x/k = 0.94
located in the up-slope part of the wavy wall.

In addition to the quantities mentioned above, sev-

eral different types of probability density functions were
constructed. They are as follows:

• streamwise length of a vortex centerline, l�vortex;
• streamwise length of a line connecting the NuDh peak
positions, l�NuDh ;• spanwise distance between a vortex centerline and the
nearest NuDh peak position line, d

�
VN;

• tilting angle of a NuDh peak position line from the
closest vortex centerline, hVN;

• spatial mean of the peak value of NuDh averaged
along the NuDh peak position line, hNuDhic;

• spatial mean vortex circulation Reynolds number

averaged along the vortex centerline, hReCic;
• spatial mean vortex stretching term averaged along

the vortex centerline, h~xsðo~us=osÞic.

Here, the superscript ‘‘*’’ indicates the non-dimensional

value normalized with k, and h ic represents the value
which is averaged along a vortex centerline or NuDh peak
position line. Hereafter, probability density function will

be abbreviated as pdf for simplicity.

In computing the value of hReCic, circulation C was
first calculated at each streamwise position for each vor-

tex as the integral of the vorticity over the cross-sec-
tional (y,z) plane within the vortex core. Here, as

discussed above the vortex core was defined as the re-
Table 2

Octant analysis (Suzuki et al., 1988)

First octant Cold outward interaction

Second octant Cold ejection-like motion

Third octant Cold wall-ward interaction

Fourth octant Cold sweep-like motion

Fifth octant Hot outward interaction

Sixth octant Hot ejection-like motion

Seventh octant Hot wall-ward interaction

Eighth octant Hot sweep-like motion
gion where K2 takes negative value smaller than a cer-
tain value. Then, the local value of the vortex

circulation Reynolds number was obtained by dividing

the calculated circulation by kinematic viscosity as

ReC = C/m according to Westphal et al. (1987). For the
space mean vortex stretching term, h~xsðo~us=osÞic, the
vortex stretching term in the vorticity equation can be

represented along the curve of the vortex centerline as

follows (Kida and Yanase, 2000):

ð~x � rÞ~u ¼ ~xs½ðo~us=os� v~unÞsþ ðv~us þ o~un=os� s~ubÞn
þ ðs~un þ o~ub=osÞb�. ð5Þ

Here s, n and b represent the each coordinate direction

of curvilinear orthogonal coordinate system. In particu-

lar, s is the direction along the vortex centerline. ~us, ~un
and ~ub are the velocity components respectively along
s, n and b directions, and v and s are the curvature
and torsion obtained from the Frenet–Seret formula,

respectively. In Eq. (5), the vortex stretching term,
~xsðo~us=osÞ, is only calculated at each vortex center point
along a vortex centerline. For these pdfs, the mean of

each variable q is obtained as follows:

Mean value of q ¼
Z 1

�1
q � pdfðqÞdq. ð6Þ
3.4.2. Octant analysis

Octant analysis (Suzuki et al., 1988) has been applied

by sampling the instantaneous values of streamwise and

transverse fluctuating velocity components and temper-

ature fluctuation in order to see which of the elementary

patterns of the coherent turbulent fluid motion is a

major contributor to the momentum or heat transfer,

especially around near-wall streamwise vortices appear-
ing in the up-slope region. In the discussions to follow,

among eight octants described in Table 2 four instanta-

neous local quantities QV4, QV6, QT4 and QT6 appear.

They are defined as follows:

QVi ¼ huvii ¼
1

N

XN
j¼1

I iðjÞujvj; ð7Þ

where h ii specifies the contribution to the Reynolds
shear stress, uv, from the events to be assigned to the

ith octant of u–v–h space. uj and vj are the jth sample
of u and v fluctuating velocity components. N is the total

number of samples. Ii(j) = 1 when the signs of uj and vj
u > 0, v > 0, h < 0 QV1 or QT1
u < 0, v > 0, h < 0 QV2 or QT2
u < 0, v < 0, h < 0 QV3 or QT3
u > 0, v < 0, h < 0 QV4 or QT4
u > 0, v > 0, h > 0 QV5 or QT5
u < 0, v > 0, h > 0 QV6 or QT6
u < 0, v < 0, h > 0 QV7 or QT7
u > 0, v < 0, h > 0 QV8 or QT8
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match the counterpart of ith octant of u–v–h space and
otherwise Ii(j) = 0. QV4 represents the cold sweep-like

motion and QV6 the hot ejection-like motion.

In a similar manner to the above definition of QVi,

QT4 and QT6 are defined as follows:

QTi ¼ hvhii ¼
1

N

XN
j¼1

I iðjÞvjhj; ð8Þ

where the suffix i specifies the octant of u–v–h space. QT4
represents the cold sweep-like motion and QT6 the hot

ejection-like motion.
4. Results and discussion

4.1. Overall pressure loss characteristics and heat transfer

performance

Here first the overall flow and heat transfer perfor-
mance of the flow inside the channel having one wavy

wall will be discussed, namely the time mean local skin
1
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friction coefficient Cf, the time mean local wall Nusselt

number Nu and the non-dimensional pumping power

Ppw = f
1/3Reb to maintain the flow through the channel

(Matsubara et al., 2002). Fig. 4 shows the streamwise

distributions of Cf and Nu on the bottom wavy wall.

As can be seen from the figure, both of Cf and Nu have
the maximum value in the up-slope part of the wavy

wall. Wall undulation is found to effectively enhance

the wall heat transfer. With the increase of the wave

amplitude from a/k = 0.01 to a/k = 0.1, Cf peak value
becomes about three times larger and Nu peak value

about four times larger. In Fig. 5(a) and (b) is plotted

the time and space mean Nusselt number Nu obtained
by averaging over the whole wavy bottom surface,
respectively, against the pumping power Ppw and the

flow Reynolds number Reb. In those figures, the values

for flat plate channel flow are also presented. In addition

to the solid line given by Mills (1992) for the flat plate

channel case, the present results of the Flat 2 case ob-

tained by applying LES are also included. As is found
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than Ppw does. This indicates that if the pumping power

is kept the same, better heat transfer performance can be

achieved with a channel having wavy wall and heat

transfer performance becomes better if wave amplitude

is increased more.

4.2. Effect of near-wall streamwise vortices

on heat transfer

As has been discussed by Choi et al. (2004), ejection

type and sweep type motions appear around the near-

wall streamwise vortices. They are found to, respec-

tively, produce the outward fluid motion carrying the

low speed fluid lumps toward the high speed flow region
and in opposite way the wall-ward fluid motion feeding

the high speed fluid lumps toward the low speed flow

region. These motions have a significant effect on the

momentum transfer around the vortices. These vortices

are generated with larger population within the up-slope

region. These fluid motions should also assist the heat

transfer around the streamwise vortices and thus are

expected to affect the heat transfer in the region near
the wavy wall surface, especially, in the up-slope part

of the wavy wall. This is now discussed taking into

account the results obtained in this Large Eddy Simula-

tion. Unless otherwise mentioned, all the quantities in
Fig. 6. Time mean local quantities and instantaneous tu
the following figures represent the non-dimensional

values normalized with Ub, the bulk mean velocity,

and DH = HH � HC, the temperature difference between

the bottom wavy wall and top flat wall.

Fig. 6(a) shows again the distributions of the time

mean local Nusselt number Nu and the time mean fric-
tion coefficient Cf on the wavy bottom wall surface for

W01 case. Nu shows much larger value in the up-slope

part of the wavy wall and Cf takes negative value within

a flow separation bubble lying from x/k = 1.08 to 1.76 as
already discussed in Choi et al. (2004). Fig. 6(b)–(d)

shows the instantaneous results obtained for the same

case. Fig. 6(b) particularly illustrates the distribution of

the instantaneous Nusselt number NuDh on the bottom
surface and a number of high NuDh spindle-shaped spots
are observed in the up-slope part of the bottom wall. This

is related to the higher value ofNu in the up-slope part of

the bottom wavy wall as has been observed in Fig. 4(b).

In Fig. 6(c) and (d) the instantaneous near-wall cross-sec-

tional patterns of the velocity and temperature fields are

presented, obtained in the region of 0.5 6 z/k 6 1.0 at the

streamwise position x/k = 1.8. Fig. 6(c) shows the sec-
ondary flow velocity map and Fig. 6(d) shows the fluid

temperature contours both together with the contour

of K2. At the bottom of Fig. 6(d) is also included the

spanwise distribution of instantaneous Nusselt number
rbulent flow and thermal fields in the case of W01.
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on the wavy wall surface at x/k = 1.8. As is seen in the
middle bottom region of Fig. 6(c), a mushroom like sec-

ondary flow pattern is generated near the wall in between

the counter-rotating vortices which are well captured by

Jeong�s K2 method. Around the vortices, down-wash
flows exist on both sides of the vortices. At positions al-
most beneath the down-wash flows, temperature bound-

ary layer is thin and NuDh takes high value there. In
between the vortices, inward flows meet very near the

wall and then up-wash flow is generated. Temperature

boundary layer becomes thick and NuDh remains low
there. However, time and space mean Nusselt number

Nu increases if the wall undulation is introduced since
significant heat transfer enhancement is obtained
beneath the down-wash flow region. This will be revisited

and discussed more in detail later.

More detailed discussions are now developed as for

the role of the streamwise vortices, appearing in the

up-slope part of the wavy wall, on the heat transfer

enhancement to be produced by the wall waviness.

Fig. 7 shows four probability density functions, the

streamwise length of a vortex centerline l�vortex in (a),
0 0.1 0.2 0.3 0.4 0.5
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(a) pdf for the streamwise length of

a vortex centerline

p
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(c) pdf for the spanwise distance between
a vortex centerline and NuDh peak
position line
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p

Fig. 7. Conditionally sampled probability density functions related to th
the streamwise length of a line connecting the NuDh peak
positions l�NuDh in (b), the spanwise distance between a
vortex centerline and the nearest NuDh peak position line
d�
VN in (c) and the tilting angle of a NuDh peak position
line raised from the closest vortex centerline hVN in (d)
for the case W005. In this figure, results both for clock-
wise and counter-clockwise vortices are plotted. CCW

represents the counter-clockwise one and CW the clock-

wise one. It is clear that there is no statistical difference

between the clockwise one and counter-clockwise one.

Detected streamwise vortices and spindle-shaped high

NuDh spots have almost the same length and lie almost
in parallel closely with each other. The mean length of

l�vortex is 0.09 and that of l
�
NuDh

is 0.14. The mean value
of the spanwise distance between the vortex centerline

and the NuDh peak line is 0.05. They are sometimes tilt-
ing each other but statistically aligned in parallel. These

results strongly show that high NuDh spindle-shaped
spots on the wavy wall are generated by the action of

streamwise vortices.

Fig. 8(a) and (b), respectively, shows the pdfs of the

space mean vortex stretching term h~xsðo~us=osÞic and of
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(b) pdf for the streamwise length of

a NuDh peak position line
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(d) pdf for the angle between a vortex

centerline and NuDh peak position line
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e vortex centerline and NuD peak position line for the W005 case.
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Fig. 8. Conditionally sampled probability density functions for h~xsðo~us=osÞic and hReCic with varying wall wave amplitude.

690 H.S. Choi, K. Suzuki / Int. J. Heat and Fluid Flow 26 (2005) 681–694
the space mean vortex circulation Reynolds number

hReCic for the vortices of CW case. As is seen in Fig.

8(a), probability of stretching rate is higher than the

counterpart of shrinking one. In addition to that, with
an increase of the slope of the wall, peak values of both

pdfs become lower but they become broader. So, these

figures clearly show that the streamwise vortices are

intensified with an increase of wall wave amplitude

due to the stronger stretching of the vortices resulting

in much intense rotational flow fields around the vorti-

ces. This stronger vortex stretching comes from the lar-

ger flow acceleration rate along the steeper up-slope of
the wall.

Fig. 9 shows the pdf of hNuDhic, the spatial mean of
the peak value of NuDh averaged along the NuDh peak
position line, together with Nu, the space and time mean
Nusselt number for the whole bottom wavy surface, and

Nutrough, the space and time mean Nusselt number only

for the trough region of the bottom wavy surface for the

three cases of different wall waviness. Nutrough does not
change so much with the change of wall waviness, but
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Nu
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(a) pdf for Nusselt number (W001)
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Fig. 9. Conditionally sampled probability density functi
Nu increases noticeably with an increase of wall wavi-
ness. In a more noticeable way, the central value and

bandwidth of hNuDhic pdf increase with an increase of
wall waviness.
In Fig. 10 the mean values of h~xsðoeus=osÞic, hReCic

and hNuDhic are replotted against the wall wave ampli-
tude. All of the three quantities are confirmed to

increase with an increase of wall waviness. All the results

shown in Figs. 6–10 clearly show that the heat transfer

enhancement to be achieved by the wall undulation is

due to the streamwise vortices more densely generated

in the up-slope part of the wavy wall with larger circula-
tion at larger wall waviness.

Now, more detailed discussion will be given to how

the wall heat transfer is enhanced by the streamwise

vortices. Figs. 11–14 show the conditionally averaged

velocity and temperature fields around the detected

streamwise vortices. In these figures, z* = 0 is the span-

wise position of the center of the longitudinal vortices

and Fig. 12 is for the counter-clockwise vortices and
other three figures are for the clockwise ones. Fig.
200 250 300
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ons for hNuDh ic with varying wall wave amplitude.
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11(a) and (b) shows the conditionally averaged contours

respectively of hQV4ics and hQV6ics around the detected
vortices in (y,z) cross-section obtained for the W005
case. In addition to these two figures, conditionally aver-

aged contours of hQT4 ics and hQT6ics in (y,z) cross-sec-
tion are presented, respectively, in Fig. 11(c) and (d). At

the bottom of Fig. 11(a) and (c), conditionally averaged

skin friction coefficient and NuDh are also plotted. Figs.
13 and 14 compare the values of hQT4ics and ho~h=oyics,
the conditionally averaged transverse fluid temperature
Fig. 11. Conditionally averaged (y,z) cross-secti
gradient, for the three cases of different wall wave

amplitude.

In Fig. 11(a), contour of the conditionally averaged

value of K2 is shown for the detected clockwise vortices.
Counter-clockwise vortex sits on the left side of the

clockwise one, but its existence cannot so sharply be
observed. This is because the distance between the two

vortices is different from one sample to another. Center

of the clockwise one is located at z* = 0 the same span-

wise position but the counterpart of the counter-clock-

wise one differs from one sample to another. So, it

should be noted that the velocity and temperature pat-

terns around the counter-clockwise vortices are some-

how smeared in this data processing procedure and
similar smearing can be seen for the counter-clockwise

vortices in Fig. 12. Down-wash flow appears both sides

of the pair vortices and hot ejection-like event appears in

between the two vortices. At the right edge of the clock-

wise vortex, down-wash flow is observed to exist, i.e.,

v < 0 and it conveys cooler fluid, i.e., h < 0, toward the
wall. Therefore, hQT4ics for cold-sweep like event takes
large value there as shown in Fig. 11(c). Both of the
right side and left side down-wash flows are deflected

inward so as to meet each other and wash the heat

transfer surface beneath the vortices. So, around the

down-wash flow and inward flow regions, thinner ther-

mal conductive layer results in and the local Nusselt

number becomes large there. On the other hand, left-

ward and rightward washing-wall flows are heated,

merge with each other and form the up-wash flow.
Although hot fluid is somehow taken away by the
ons at x/k = 0.94 for the case W005 (CW).



Fig. 12. Conditionally averaged (y,z) cross-sections at x/k = 0.94 for the case W005 (CCW).

Fig. 13. Contours of conditionally averaged QT4 at x/k = 0.94 with varying wall wave amplitude.

Fig. 14. Contours of conditionally averaged transverse temperature gradient at x/k = 0.94 with varying wall wave amplitude.
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up-wash flow as is confirmed in Fig. 11(d) by the high

value of hQT6ics, thermal conductive layer is much thicker
just below the up-wash flow region. Therefore, the lo-

cal Nusselt number remains low there. However, this
is overcome by the increase of Nusselt number occurring

beneath the vortices. This results in the enhancement

of spatially averaged wall heat transfer as the effect of

wall undulation. In the up-slope part of the bottom



H.S. Choi, K. Suzuki / Int. J. Heat and Fluid Flow 26 (2005) 681–694 693
wavy wall, streamwise vortices are densely generated

and their intensity becomes larger with an increase of

the wall wave amplitude (Choi et al., 2004). As a result,

with an increase of wall undulation, hQT4ics is intensified
and temperature gradient becomes steeper. This is con-

firmed in Figs. 13 and 14 and is consistent with the
above discussed points that both of h~xsðo~us=osÞic and
hReCic become larger with an increase of wall undula-
tion. Therefore, with increasing wall wave amplitude,

the enhancement of the wall heat transfer is intensified

as has been observed in Fig. 5.

For readers� information, relationship between the
statistical characteristics of the turbulent flows in a

channel with one wavy wall and the heat transfer
enhancement is not discussed here but is discussed in

the reference (Choi, 2004).
5. Conclusions

Large eddy simulation (LES) has been applied to the

thermal fields of a turbulent flow in a channel having
one wavy wall with various wall wave amplitude. To

study the turbulent heat transfer characteristics of the

flow, statistical and conditionally sampled thermal fields

were scrutinized. Through the present study, the follow-

ing conclusions are derived:

1. Both of Cf and Nu have the maximum value in the

up-slope part of the wavy wall. Wall undulation is
found to effectively enhance the wall heat transfer.

With the increase of the wave amplitude from

a/k = 0.01 to a/k = 0.1, Cf peak value becomes about
three times larger and Nu peak value about four times

larger.

2. Paying attention to instantaneous turbulent thermal

fields, spindle-shaped high Nusselt number regions

appear on the wavy wall in its up-slope part.
Each region is located close and in parallel to an

instantaneously generated streamwise vortex and

this instantaneous near-wall streamwise vortex effec-

tively elevates the instantaneous local wall heat

transfer.

3. Systematic analysis of conditionally sampled turbu-

lent thermal fields around the instantaneous near-wall

streamwise vortices clearly shows that the primary
source of vortex enhancement in the up-slope region

is the vortex stretching accompanying the near-wall

flow acceleration, and thus with increasing the wall

wave amplitude the vortices are more effectively

intensified. As a result, these phenomena greatly

affect the wall heat transfer. The time and space aver-

aged wall Nusselt number, Nu, is mainly influenced
by the thermal fields to be built-up around the
near-wall streamwise vortices appearing densely in

the up-slope part of the bottom wavy wall.
4. Conditionally sampled thermal fields around the

identified near-wall streamwise vortices indicate that

peak position of instantaneous wall Nusselt number

is located below the place where the strong QT4 event

occurs. Furthermore, with increasing the wall wave

amplitude, QT4 events are observed to be intensified
resulting in the augmentation of instantaneous local

wall heat transfer around the streamwise vortices.

This is the mechanism of wall heat transfer augmen-

tation by the near-wall streamwise vortices in the

wavy wall channel flows.
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